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(@ rT )6
n n = zn
- ' (15)
v - - + In?
o = chn Thple
where
E; = E;(x,y) = the modal transverse electric field (16)
.E; =-ﬁ£(x,y) = the modal transverse magnetic field a7
E;n = E;n(x,y) = the modal axial electric field (18)
-E;n ='E;n(x,y) = the modal axial magnetic field (19)

In Equation 15, it is assumed that the normal mode fields are normalized

such that

if‘é’ xh Tda=[[T xT Fdxdy=1 (20)

where y1 = n/ky. The modes are orthogonal in the sense that

QI € x hm'azda =0 n#m (21)

If one mode in Equation 21 is TEx and one is TM&, then Equation 21 holds
when n = m. The fields radiated in the + and - z direction by the micro-

strip are represented as

_Et =Za -Et
n n

(22)
H-sa 1§t
L oo

where the sum is over both the TEx and TMx normal modes. The coeffi-
cients, a , are found by Collin (13) through an application of the

Lorentz reciprocity principle as



. 11b_ .
a = - §.£'3:‘+ dv = - -{ I Io JE_ dxdydz (23)

n n

o)

The conducting walls at y = + n/ky are needed in the derivation of

Equation 23. To eliminate some confusion, the microstrip fields will be
partitioned into a TEx part and a TM& part. All this means is that the
sums in Equation 22 will be found in two parts. The total field is the

sum of the TEx part and the TMx part.

A. TE Fields
X

The TE_ fields are related to a wave function ¢h by

1,32 2
E. =0 H, =< (—=+ k)Y
xh xh Jup ax2 h
2
oY 37y
E, = -—2 H, = —— 0 (24)
yh 0z yh o jus  ox3y
2
1 ~“de
zh ~ dy zh ijo ox0z

. . e . 2 2
where the subscript h is used to indicate TEX fields and k¥ = w pbe(x).
. t .
The wave function for the n b mode must be chosen so that the fields meet
the correct boundary conditions at the dielectric interface and on the

conductor surface. The required boundary conditions are continuity of
q
E,E,H,and H at Xx = a and E .
y> Tz’ 'y z tangential

The suitable wave function for the + wave is (14)

= 0 on the conductor surfaces.

- sint
.I.—t —_n -+r;lzf nL ~

hn ~ "n°~ ‘sinfna n

wl el Voo re N n it (hevViilvaa) Jnnel
M e e ey v--.-n\— DR _,'-._....-yJ

(25)
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where
1, x>a
u(x - a) = {0’ <a (26)
2 2 2 2 2
fn + y - "‘n = k]. WS M (27)
2 2 2 2 2
T L (28)
f cot fa==t cottlL (29)
n n n n
L=b-a (30)

The meaning of u(x-a), in this work, is symbolic in the sense that
derivatives of functions involving u(x-a) will not be taken at x = a. The
boundary conditions at x = a will automatically be met by this procedure.
We need consider only the + wave in the following analysis; omitting

the + superscript should not cause any confusion. Putting Equation 25

into Equation 24 gives the 'I.’Ex modal fields as

Epn = 0 (31)
Eyhn = rnwhn (32)
Ezhn = - ky tan kyy Whn (33)
Hon = ﬁ (ki -T i) whn (34)

Cnﬁrs mkjyrs int L

Hyhn = - Ton, 13 TE a £ cos fnx[ l-u(x-a)]
- nlz
- t cost (b-x)u(x-a) Je : (35)
r'nCn sintnL
Han ™ Jup, 5Tt oSl 1nu -]

-2

'n
- tncos t:n (b=x)u(x-a) Jcos kyye (36)
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\{ - .
Note that Ezhn and Hyhn are zero at y i_n/ky. From Equations 31, 32, 34,

35, and 15, we have

+ r-nz
i~ -
e = e Vhndy (37)
- 1,2 2 thZ _,

hhn " juuo y B Pn)whne 8

C_k sink y sint L
_.ny y n

£ cosfnx[l-u(x-a)]-tncostn(b-x)u(x-a)}5;

Jou 81nfna n
(38)
For Equation 20 to be valid, Cn is chosen so that
- o 1, n=m
%fehn xh -dda=56 = {0’ ndm (39)

In Appendix A, the integration indicated in Equation 39 is performed and

Ci evaluated as

- 4jup k t £
& - ool @)
81n2t L
(K -p 2yt {m B (2t f a - t sin2f a)tt f L-f sin2t L}
sin f a

Using Equation 23, we have

1 1 1 b
. lp=zs 1
0 = 73 é/ J-E_dv = - {jj 6(x-d)6(z)coskyyrvh dxdydz
71 1)
Integrating yields
n[;cnsintn(b-d)
%hn T " 2k (42)

Now that a. has been evaluated. the TEx portion of the microstrip

fields can be found. The simplest field representation is in terms of
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@%. To find Wt, start with Equations 22,

2
+ +
I-lEx=2ahnHEnx=4_~2ahn{Jm( +k)¢ (43)
n n a
where Equations 15 and 24 have been used. The solutions of Equatioms 27,

28, and 29 can be numbered from 1 to » so that Equation 43 becomes

+1

P

2, o +
B " Ty G2t ) % e | “

Comparing with Equation 24 yields

x I oah 43)
n=1

=T+

From Equations 25, 40, and 42,

]
$t = +2jwp cosk y X
h = ° Y p=1

sint L
n
f a

t f 31nt (b d){ sinfnxLl-u(x-a)]+sintn(b-x)u(x-a)};; nZ

s1n2t L
(k - T 2y (—1o (2t £ a-t sin2f a) + 2t f L-f sin2t L}

sin f a (46)

The TEx part of the shielded microstrip fields is found by putting

Equation 46 into Equations 24.
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' B. TM Fields
X

The TM, fields are related to a wave function \ke by

1, 3° |
Exeajuﬁ(82+k)¢ er=0
2
oV |
1 e oV
E =-—T - 8 47)
ye  jwe 9xdy Hye 3%
1 azq’ H = - a_\l’e
E = —— e : ze d
ze  jws X3z y

where the subscript e indicates TMx fields and k2 = wzp.oe with € = e(x).
The procedure here will parallel the TEx field analysis of section IV-A.
The modal wave function that meets the required boundary conditions is

+ cosq L oY, 2
llr;n = Dn{cospna cospnx[l-u(x-a) }rcosqn(b-x)u(x-a) }smkyye (48)

where
2 2 2
p_ + y - Y 1 WE H (49)
2 2 2 2
q + y Y WE (50)
2% q
n S
o tan p a = e tan q L (51)

In the analysis below, the absence of a + superscript indicates the +
wave. The TMx modal fields are

1,2 .2 '
Exen = juwe y anen (52)
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anlcoskyy -cosan Y 2
Eyen = o { cosp_a pnslnpnx[l-u(x-a) }l-qns mqn(b-x)u(x-a) le
(53)
-D y_ =-cosq L Y. z
__n'n n . i Cm . - - . n
zen = e { cosp, 8 pnsmpnx[l u(x-a) ]+qnsmqn(b x) u(x-a) }smkyye
(54)
xen 0 (55)
Hyen =T Ynwen (56)
von = " kycotkyyﬂfen (57)

Note that E E and H are zero at y =+ m/k_. Since E and H
xe zen yen - y zhn

yhn

are also zero at y =+ 'n'/ky, the original assumption of putting conductors

n’

at y =+ 'n'/ky is verified. From Equations 52, 53, 55, 56, and 15 we have

- 1,2 2 Y& o
en jwe(ky Yn)e q’ena:v:

D k cosk -cosq L
nYOJY 054

1! . . bd
+ ™ { cowp_2 pns:.npnx[l-u(x a) }I-q_ns:.nqn(b-x)u(x-a) }ay
(58)
— Ya?, ’
hen B P ¢enay (59)
Dn is chosen so that
[[e xh _-dda=5 ‘ (60)
Y en em z nm

The integration indicated in Equation 60 is carried out in Appendix A

AmA T AvaTwobad an
- A Y e e e —— -
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- 4juk p q €
2
D = 0 (61)
€ cos q L
9 9 ) n .
(ky-yn)ynn{ (Zapnqn-i-qns 1n2pna)+2qnpn1:|-pns 1n2an}
€,co8°p a

From Equation 23,

1 p ot
-3 TH, e

a
en n
171 9 - nz
--1 { J‘ J' 5 (x-d)6(z) —‘:’% ann cos kyysinqn(b-d)e dxdydz
(62)
Integrating yields,
. nanns1nqn(b-d) 63
4en 2juwe
)
Proceeding as for the TEx case, we have
© 2 ©
£ . r L2 .2 ha
ex ?aenE-e-nx—jwe 2+k) ?aenVZn (64)
n=o0 ) n=o
Comparing with Equation 47 yields
+ +
b = aenq':n . (65)
n=o

The sum starts with n = 0 so that there is a correspondence with the

empty waveguide modes. Using Equations 48, 61, and 63 yields

@

‘V+ 2k sink y X
¢ Y n=o

cosq L

zosp, 3 cosp %[ 1-u(x-a) ]+cosq (b-x)u(x-a) Je' ®

2

£ coa n 1.
g coa’e
(k "YZ)Y {—Q—Z—'(Zap q +q sin2p a)+2qnp Ltp 31n2an}
€,co8"p a (66)

2 .
pnqn51nqn(b-d){
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The TM.x part of the shielded microstrip fields is found by putting

Equation 66 into Equations 47.

C. The Total Shielded Microstrip Fields
The total fields are the sum of the 'I.'M.x and TEx fields. The procedure
to get the shielded microstrip fields is to put Equations 46 and 66 into
Equations 24 and 47, respectively, and add field components.
The microstrip fields found here do not include the effect of a
transverse current on the microstrip. However, the analysis used in this
work could handle a transverse microstrip current. The effect would be in

the modal amplitudes and not in the normal mode propagation properties.

D. Some Checks of Results

In this section, the results for the shielded microstrip will be
checked with the stripline results by two limiting processes. However,
before going on, consider the microstrip line as ky - 0. This takes the y
dependence out of T and the fields so that é% = 0. A glance at Equations
46, 66, and 24 shows that we *‘0 as ky = 0 and that the fields become
both TE_ and TMy. This justifies the former statement that a TMy
solution was only possible if'§% = 0. The two-dimensional TM_ solution
for the shielded microstrip can be readily solved by bilateral Laplace
transform method. The result checks with the analysis given in section
IV-A. Perhaps the most interesting aspect of the y independent Laplace

transform solution of the shielded microstrip is that there are no branch

points in the inversion integral. This is not the case when b = » (13).



1. The shicided microstrip as a = 0

As a ~ 0, t and 9, must approach the corresponding empty guide

values given by Harrington (14). This results in

l
r*|3

no=1,2,3, -+ (67)

q -

- n=0,1,2, **- (68)

HH

These results check with Equations 29 and 51. From Equations 29 and 67,

S intpL tncos tnL
sinf a  f _cosf. a (69)
n n n
and
sinthL ti
lim —TL— == (70)
a0 sin"fa f
n n
Also,
sin % (L-x) = (-l)m-lsin PI';‘T- x (7D)
cos BI% (L-x) = (--l)n cos 'n—{r- x (72)
Putting the above equations into Equations 46 and 66 as a — 0 yields
. oo . nT ;)"nz
+ ® sm—L—ds:Ln—i—xe
\‘,;; -+ jwy,ocoskyy o 5 5 (73)
n=1 (ky - f‘n)L
and
R
nry . O nm +
w (“L—) sin T~ dcos — % e
ot . - L
it sink. y Z (74)
v n’!n
where

R 03



24

The n = 0 term is not included in Equation 74 because it is zero. An
interesting aspect of the shielded microstrip line is that it excites the
TMXO moce while the stripline does not. The physical reason for this
difference is that the TMXo mode of the empty guide has Eyeo = 0 so that it
does not react with J. The TMXO mode of the slab guide has a non-zero y
component of electric field. The fields of the stripline are found from
Equations 73 and 74 by putting them into Equations 24 and 47, respectively,
and adding the field compoments. The results, for J = 3;6(x-d)6(z)e-jkyy,

compares with the stripline fields of section III.

2. The shielded microstrip as €] — ¢,

Starting with Equations 27, 28, 49, and 50, it is seen that P, "4,

and £ - t_as e, -6 . Equations 29 and 51 become
n n o

1
cot t bcotta+l
n n

cot t a = -~ cot tn(b - a) = oLt b - o ta (76)
n n
and
tan qnb + tan q.2
tan g a = - tan qn(b -a) = - T+ tan qnb tan q_a {77)
The expected empty guide result is
4G = Py tn fn b kx (78)

This checks with Equation 76 and 77. From trigonometric identities, we
have

. nl .
sin k L (-1) sin k a | (79)
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sin 2k L = 2sin k L cos k L = - 2sin k a cos k a (81)
X b X P X

Putting the above identities in Equations 46 and 66 as ¢ T € yields

7y

.o .o
© sin—d sin=— x e

o . - b b
v T Z Jueg cos koy o 2 5 (82)
n=1 (ky - r’n)b
and
o7, . nm ne -'r-—rnz
N @ (F) 51n—b'-d cos ST x e
y—; - - ky sin kyy X > > (83)
n=1 (ky - rn) r‘nb

Since L = b in Equations 73 and 74, Equations 82 and 83 compare with the

results of letting a = 0.
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V. THE OPEN MICROSTRIP

The open microstrip configuration is shown in Figure i with b =
Before going to the open system, we will consider some more aspects of
the shielded microstrip.

The normal mode wave functions for the TEx and TMx modes of the
shielded microstrip structure are given by Equations 25 and 48, respec-

tively. These wave functions can be written in the form

-Nz
s - + rh
¢Hn Cn¢hn(x) cos kyye (84)
+ + Yo
fomm = 3
L Dn¢en(x) sin kyye (85)

where the ¢'s contain the x dependence. ¢hn and ¢en are both solutions

of Sturm-Liouville systems (13). These systems are

d o) :
2
—m -2y - (86)
dx y o
9, =0 x=0,b (87)
d eo en e@Q 2
dx [e(x) dx 1+ e(x) [ o Yn k'y]¢en = (88)
dg
en _ _
i 0 x=0,Db (89)
Equations 86 and 88 are both of the form
Lrpe) 2+ s - Q) Ju =0 (90)
dx dx
>where
" - 1_2 = =~ 1N 1_2 701\
\(h “y r\"‘/ b N~ +
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Q, = k;/er(x) - ki (92)

€ r(X)

e(x)/e0 (93)

For the open microstrip, b = », A boundary value probvlem of this
type is called singular and x = b is called a singular point (18).

Consider the limit of Qe and Qh as x = o, We have

linQ_ = lim Q_ = Q_ = i - K (94)

o _— o y 0

The following conclusions concerning the spectrum of the boundary value
problem can be made (19, 20). For yz,!"z <Q, the TE_ and TM_ modal
spectrum is discrete. The TEx and TMx modes form a continuous spectrum
for yz,l“z > Qo' When ky = 0, the above conclusions compare with known
results (13).

We now consider the discrete spectrum in detail. The discrete
spectrum should be proper (meets the radiation condition) (21). The
radiation condition states that there can be no sources of radiation at
infinity (17). This condition can be met by considering only the
transverse propagation constants, kx2 = r + js, that represent waves that
decay with x in the region x > a., Tamir and Oliner (21) have stipulated
the radiation condition as

s =Im k.x2 <0 (95)

In section IV, the fields for the shielded microstrip were found.
Putting condition (95) into the shielded microstrip equations and letting
b = » should result in the discrete spectrum for the open microstrip. The

closed system characteristic equations are
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f cot fa=-1¢t cottl (96)
n n n n

P q

a = - 2 .

) tan P2 ;. tan an 7N

Let L=Db - a = «» in Equations 96 and 97 and require that € and 4.

meet condition (95).

eJ(r+JS)L + e-J(r+JS)L .

lim cot k ,L = limj = j (98)
L Loe j(eris)L | ~i(zrjs)L-

lim tan k oL = - j (99)
L-»

Equations 96 and 97 become

f cotfa=-u (100)
n n n
P w
-2 tan p a = = (101)
€ n €
)

where u, = jtn and W= jqn. Equations 100 and 101 are the characteristic
equations for the discrete spectrum TEX and TMX open microstrip modes,
respectively. These equations compare exactly with the characteristic
equations for the y independent TEz and TMz surface wave modes for the
grounded dielectric slab (13). We shall call the modes in the discrete spec-
trum of the open microstrip configuration surface wave modes. This desig-
nation does not completely align with the usual surface wave definition
because we have k_ # 0. A glance at Equations 24 and 47 shows that our
y

TEx and TMX modes become also TEz and TMz’ respectively, when-éi = 0.

Brown (22) shows that solutions of Equations 100 and 101 exist only

if t:_1 and q are pure imaginary. From condition (95), u > 0 and v > 0.

Before proceeding, we need the following limits.
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, ) u(b-0)__~u(o-a)  _
lim 31?t£:—a! = lim s;ggugi-az = 1lim & e = e u(C-a)
1w 510 1o hu b eu(b-a)_e-u(b-a)

(102)

Similarly,

lim —-9-1—-—-151;‘inz£°‘ - W @-a) (103)
L
Also,
L L
lim ——=— = lim =0 (104)
L sintL L cosqL
lim sin2tL _ 2i = - lim sin2qL (105)
L~ Sin"tL L— cos qL
. sing(b-0!  w(a-
lim 55;—2—;((—1—{1 = - jev(@-2) (106)
L
1im 08 b-0) _ e-u@i-a) (107)
Lo cosqL

As b = o, the results of section IV for the shielded microstrip should
pass over into the solution for the open microstrip (23). The limiting
process may require lcsses in the system (24). Putting losses in the
system is equivalent to meeting the radiation condition. 1In letting

L - o in the limits above, we have taken the radiation condition into
account. Taking the liﬁit in Equations 46 and 66, as L = «, results in
the following wave functions for the discrete spectrum of the open

microstrip.
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Nz _ _.y sinf = -u (x~-a)
unfne‘ n e Un (d a)rgzgg—zfl-u(x-a)]+e n u(x-a) }
-
Vo =+ 2uu cosk y I L
i ° Y n 5 9 (-2junfna+juqsin2fna)
A1 : - 238,
y sin £ a
n
(108)
5 ;X%Z -wn(d-a) cospnxr -wn(x-a)
PV e e {coso aLl-u(x-a)]+e u(x-a) }
1E§ = =2k sink y X 2
y 7 n 5 9 € (2apnw{+wpsin2pna)
(ky'Yn)Yn{ € cos2 a * an}
1 pn
(109)
where
2.2 p2_ .2 _ 2. .2 2
£+ ky-["n-kl-pn+ K, - v, (110)
2. .2 M2 _.2_ 2. .2 2
_un+ky-rn—ko—-wn+ky-yn (111)

In Appendix B, Equation 108, with ky = 0, is shown to compare with other
known results. The symbol A is used to denote the discrete spectrum. The
sums on n indicated in Equations 108 and 109 are both over a finite number
of terms. Although there may be no terms in the expansion for GA"Ge will
be found to have at least one term.

Information about the propagation properties of the surface wave
modes can be gained by considering a graphical method for finding the
propagation constants (13). For the TEXn modes, Equations 100, 110, and
111 must be solved for fn’ u s and r; where n = 1, 3, ¢++. The numbering

system is chosen to correspond with the odd TEzn two-dimensional surface
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waves. Subtracting Equation 111 from 110 yields

@n’ + (@’ = afu (¢ - o) = @k ) - D) (112)

whore

T = el/eo (113)
Multiplying Equation 100 by a results in

au = - af cot fa (114)
For the TMkn modes, Equations 101, 110, and 111 must be solved for P>
w_, and ' where n = 0, 2, +++, The numbering system corresponds with

the even TMzn two-dimensional surface waves. Proceeding as above yields

@)’ + (@’ = (ak %7 - 1) (115)
aw = %? tan pa _ (116)

Equations 112, 114, 115, and 116 can be solved graphically as shown in
Figure 5. 1In the plot, pa, fa,_ua, and wa are measured on the same
scales. Equations 112 and 115 are drawn as circles of radius koa/% - 1.
The only valid solutions are for u > 0 and w > 0. For this reason, the
plots of Equations 116 and 114 are drawn only in the first quadrant. The
TMXn and TExn curves could alternately be drawn along the (pa,fa) axis.
However, the first two curves are sufficient to examine the theory. The
straight line in Figure 5 will be discussed later.

The frequency dependence of the discrete spectrum can be clearly
explained with Figure 5. The radius of the circle is prop&rtional to
frequency. Even as w = 0, the circle intersects the TMXO curve. The
IMXO mode always exlsts and at low Irequencies 1t 1S the only mode in

the discrete spectrum. For w small, v is small and positive. If
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,l. |
S5a/ 4
8 o
2
3n/ 4
n/ 2
™ 2.65
/4
U4
4
*o
o
] ]
n/ 4 n/2 31/ 4

(fa, pa)
Figure 5. Graphical solution for propagation constants
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2,2
= > .->-
€ > €, ky > k_ because ky/ko € rroctive VHETE T > € oo > 1. When
T=2.65, eeff ~ 2 (8). According to Equation 111, yi > 0 when @ is
-2 2 2
icy i - k= = -
sufficiently small. As w increases, LA and ky A ko (eeff D

increase. For large w, wi goes as ki(T-l) which can be expected to be at
least 1.2 ki (eeff - 1) (7). At some w, yz goes negative. We can conclude
that although the TMxo mode always exists it does not propagate in the z
direction until @ becomes sufficiently large. The frequency at which the

TExl mode comes into existance is

/2 v, A w,
fc = = = o (117)
2nra/T-1 4a/T-1
where
v, = L (118)
/eouo

Although the TEX1 mode exists at w = W, » it does not propagate in the 2z
direction until w becomes sufficiently greater than @,

The frequencies at which the TM[Xn and TExn microstrip modes come
into existence are the cutcff frequencies of the TMzn and TEzn’ two-
dimensional, grounded dielectric slab modes. The two-dimensional surface
waves always propagate in the z direction when @ > W, . However, it was
found above that this isn't the case for the open microstrip surface
waves.

The frequency at which the surface wave modes come into existence
has been found graphically, A graphical method can also be used to
determine the frequency at which the surface wave modes begin to propa-

gate. To develop the method, put Fn and Yo equal to zero in Equations 111.
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This results in
2 2,2 2 2 _ 2
(aun) = a (ky - ko) (ako) (eeff -1 = (awn) (119)

Substitutiﬁg Equations 119 into Equations 112 and 115 yields

€ -1 ,
au = 5%, ¢ (120)
n T -6 .. n
eff
€ -1
_ , eff 3
aw = (T - )% a P, (121)
eff

A line representing both Equation 120 and Equation 121 is drawn in Figure
5. This can be called the cutoff line. If the circle intersects the
TMxo curve or the ’I‘Exl curve above the cutoff line, the TMxo mode or the
TExl mode propagates in the z direction. When the circle passed between
point 8y and point A2 only the TMxo mode propagates. In Figure 5, the
cutoff line is drawn for T = 2.65. We have assumed that €ogs is
independent of frequency. This assumption is reasonable for T = 2.65 (8).
However, € ff actually increases toward T with frequency (7). This

means that as the radius of the circle in Figure 5 increases the slope of

the cutoff line increases.
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VI. NUMERICAL RESULTS

A. The Shielded Microstrip
Ia section V, ¢en(x) and ¢hn(x) were discussed as solutions of
Sturm-Liouville problems. The eigenvalues of the associated Sturm-
Liouville problems are Yi and[“i. A variational expression for yi and

Pi is developed by Collin (13). The variational expressions are

b de
1 en, 2 2 2.2
‘!: er(x){( dx ) = [er(x)ko = ky]¢en}dx
v = 51, (122)
{ er(x) ¢endx
and
b de 2 2 2.2
) { (g 0" - [e 00K - K Tgp Jax
I = - (123)
2
{ ¢hn dx

The eigenvalues form the following monotonically increasing sequences.

2 2 2 2
Yo <Y1 <Yy ® " <Y, (124)
2 2 2 2
My <l <y <[ (125)
¢en and ¢hn are unknown'because the propagation constants t fn’ q and

-~

p, are unknown. A suitable set of functions to use for the extremization
of Equations 122 and 123 are the empty guide eigenfunctions (13). The

empty guide eigenfunctions are

i
g, = (%)2 cos 3‘1;1 x n=1,2,3 ¢ (126)
N
geo - (b (127)
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')
= (—t“;)% sin &L x no=1,2,3 e (128)

®hn
Substitution of 8an and 81 for ¢en and ¢hn in Equations 122 and 123
yields an upper bound for the true eigenvalues szm and F:’l Equations 122
and 123 can be expected to give good approximations for yi and Pi,

especially when €., does not differ greatly from eo (14). This method can

1
also be used to find approximations for the higher order eigenvalues.
However, the accuracy of the approximation is questionable (25). The

results of putting Equations 126, 127, and 128 into Equations 122 and

123 are
2
- K
yi o+ 12 (129)
1 0 y
E(L-i-—-a)
€
1
€ sinma
nm, 2 o, ,a b 2
2 2 (b) [1-(1-61)(1)- 2nm )]-ko
v =k + (130)
n y . 2nm
eo . SinT—a
[1 - (l - §)(§+ 200 )]
n=1,2,3, ¢°-
€ sinma
2 2 mT. 2 2 1, ,a b -
Pomi+r G -K1-a- 6 "m0 (131)
n=1,2,3-°°

As a numerical example consider the shielded microstrip with

2

d=a=.127x10 " m

b =10 a

e:l/e:o =T7=4,2
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f =2 GHz
Using the results of Zysman and Varon (8), we have ky ~ 1.7 ko. The
results of using Equations 129, 130 and 131 are Y, =~ 50.1, r& ~ 253, and
Y1 & 273,

Consider another example with everything the same as above except
with 7 = 2,65. For this case, ky ~ 1.42 ko. The propagation constants
are found to be Y, = 40.5, [ ~ 258, Yy = 266 and Fz ~ 497. Since €
does not differ greatly from €, it is expected that Equations 130 and 131
give reasonably accurate results for Yy and r}. From Equations 27, 28,

49 and 50, it is found that q, =~ - j10.95, P, ~ 52.6, 9 ~ 262, Py ~ 268,
£y a 254, and fl ~ 260. -Letting a = d and putting Equations 46 and 66

into Equations 24 and 47, respectively, results in the following fields.

=40, 52z
Eyeo(a’ 0, z) ~ 1l.36 e (132)
. -2582
Eyhl(a’ 0, z) =~ j 310e (133)
. -2662
Eyel(a’ 0, z) ~ j 403e (134)

Let

) lEyhl(a,O,z) + Eyel(a,O,z)l

(135)
IEyhl(a,0,0) + Eyel(a,0,0)I

In Figure 6, © versus z/a is plotted. The higher order modal fields

are expected to decay, with z, at least as fast as the TExZ mode. Since

r; a~ 467 and Yi» r; a~ «52 r;, the plot of Figure 6 should be a reasonable

approximation for the total microstrip field decay when z/a > 3.
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Figure 6. Normalized Ey versus distance from the conductor
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B. The Open Microstrip
Consider an open microstrip transmission line with £ = 10 GHz,
T = e1/95=2.65, and a = ,127 x 10-2m. For this line, ky ~ /2 ko 8.
The graphical method discussed in section V can be used to determine the
surface waves associated with the microstrip and the propagation

constants. We have

= a2 /o1 =
a kb/% -1l=a v, JT -1 =.342

Using Figure 5, it is seen that the discrete spectrum consists only of
the TMxo mode. Also, we find that LA 41.3. Y, can be found by using

Equation 11l. The resul: is

yo=f-w§+k§-k(2)=/-w§+k§=205.
The TMXo mode does not propagate in the z direction at £ = 10 GHz. By
trial and error, it was found that the frequency where propagation in
the z direction begins for the TMXO mode is about 61.5 GHZ' This agrees

with the theory of section V.
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VII. SUMMARY AND CONCLUSION

The electromagnetic fields of the shielded microstrip transmission
line have been found in terms of the normal modes of the dielectric slab
waveguide. A method of summing the modes propagating transverse to the
conductor is used to find the field representation. To check the solu-
tion, two separate limiting processes are shown to reduce the shielded
microstrip transmission line to the stripline configuration.

The discrete modal spectrum of the open microstrip transmission line
is studied in detail. These modes are found to be a three-dimensional
generalization of well~known two-dimensional surface waves. It is shown
that the microstrip surface waves can exist without propagating away from
the conductor. A graphical method is developed to determine the existence
and the propagation properties of the surface wave modes associated with
the microstrip line. It is found that predictions based on a two-dimen-
sional surface wave analysis may be erroneous. A TM mode is found to

exist on the microstrip at all frequencies.
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X. APPENDIX A

We want to evaluate Cn of Equation 25. From Equation 39, Cn is

chosen so that

ch x'x'{hn-‘a’zda =1 (136)
S

where E;n and'E;n are given by Equations 37 and 38, respectively.

Substituting into Equation 136 yields

y 24 220 2 2
nl b CnﬂAQ”n ky)cos kyy sin"t L

- sinzf x[1-u(x-a)]
-y, © 18, sin f_a n
1 n
+ sinztn(b-x)u(x-a)}dxdy =1 (137)

where y1 = ﬁ/ky. Performing the integration, we have

2 . .
i ﬂ(r )r‘C sin £ L, 51n2fna L 51n2tnL

Tk A I ST (138)
y ‘o sin fna n n
The result of solving for Ci is
9 -4jup k tnfn
¢ = > (139)
sin t L
['r'l(k f’ Y {—— (2t f a-t sin2f a)+2t f L f 51n2t L
y sin f a

Dn of Equation 48 must also be evaluated. From Equation 60, Dn is chosen

so that
[T xh _Tda=1 (140)
en en 2 .

where E;n and he_1 are given by Equations 58 and 59. Substituting into

i

Equation 140 yields
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y 2 2, 2.2 2
% E (kY Yn)YnDnSlnAEyy cos an 9
- - cos p_x[1-u(x-a)]
o jue (x) n
cos p_a
-y, © n
+cosqi(b-x)u(x-a)}dxdy =1 (141)
Integrating, we have
.2 2 2_ 2 . .
- J(ky:Yn)YnDn“ cos'q L @ 51n2pna) Ll sin2q Lj (142)
wk 2 bp 2¢ bq e
v €,cosp 2 n o n o
n
. 2 .
Solving for Dn yields
9 - 4kaypnqneo
D =
n 2
9 9 eocos q L )
(ky-yn)ynﬂ{ (2pnqna+qns1n2pna)+2pnqnb+pn51n2an}
€,cos p a

(143)
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XI. APPENDIX B

At
The purpose of this appendix is to compare vh of Equation 108 with

other known results. For the case when ky = 0, Collin (13) gives'%;y
for x 2 a as
, we
A+ __0o . N({‘) .
hy - 2 5 Residues (P (144)
where
N = (u—fcotfa)e-u(x+d-2a)e-Pz (145)
M) = -ju(urfcotfa) (146)
L
-ju = (F2+k§)2 (147)
£ = (kd)® (148)

The zeros of M([") are of first order and lie on the imaginary axis of the
{*-plane between jko and jk (13). From Equation 146, it is seen that the
zeros of M(™) are the solutions of Equation 100. The following formula

will be used to f£ind the residues (16).

. -NSP! - - 14 N /
Residue LM(P)’ I r;] 13? a (149)
ndf
We have,

i _ [
ar - £ (150)
d(-ju) _ ig

ir - u (151)
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™
S—L‘i = P{Zj—%-juacsczfa-j % cotfat] 'E- cotfa} (152)

Using Equations 100 and 149 yields

-u (x-a) -u (d-a) e- r‘nz

-4u f e e
w1
Residue [ﬁ-((r% f=n1=— (153)
unsin2fna - 2unfna
il - 2£ ]
sin"'f a
n
The result of substituting Equation 153 into Equation 144 is
-un(x-a) -un(d-a) -r‘nz
A unfne e e
Eh = 2ju,po X (154)
y n u s in2 fna-2 unfna
l—ln{' .2, - an}
sin'f a

This checks with the solution in section V when ky = (0 and x 2 a.
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